We report the results of experimental observation and theoretical analysis of the generation of subharmonic and chaotic signals in a harmonically driven all-fiber phase modulator (PM). When a PM constructed with optical fiber wrapped around a piezoelectric cylinder is driven at high amplitude, we identified that the fiber itself moves with subharmonic frequencies while the piezoelectric cylinder maintains harmonic motion. A theoretical model is presented that is a modification of the model for a bouncing ball on an oscillating table. Some key physical parameters for the model are identified. Potential origins for the discrepancy between the experimental and theoretical analyses are discussed. Ways to suppress the nonlinear effect are also discussed.
Introduction
A widely used all-fiber phase modulator (PM) is composed of a cylindrical lead zirconate titanate (PZT) tube and a strand of optical fiber wrapped around the PZT cylinder [1, 2] . The major contribution to the phase modulation is from the length change of fiber induced by the change in the radius of the PZT cylinder in response to the applied electrical signal. The typical operating frequency is some tens of kilohertz, determined by the mechanical resonance frequencies of the cylinder. The all-fiber PM has practically no insertion loss, with very simple structure, and can easily be made at a low cost in laboratories. For these reasons, the PM has been very popular for its use in laboratory experiments and also for field-deployed systems. Many fiber-optic interferometers utilize the modulator [3] [4] [5] . More recently, it has been discovered that the same device can produce large modulation in fiber birefringence when driven at frequencies greater than several hundred kilohertz [6] . This effect is used for fast polarization modulation, and polarization scramblers have been made based on the effect [7] .
On the other hand, it was also reported that the all-fiber PM can produce the subharmonics of driving frequency as well as chaotic behavior when driven at very high modulation amplitudes [8] . This behavior can be detrimental to the application of the device. It was speculated that the phenomenon originates from the nonideal mechanical contact between the fiber and the PZT tube.
However, there has not been detailed theoretical and experimental analysis of the observation. In this paper, we carry out experiments under different physical parameters of the PM to generate subharmonic components and suggest a theoretical model to explain the observed phenomena. The results of this investigation would be useful for avoiding unwanted signal or noise generation in fiber systems using the phase/birefringence modulator, or for utilizing the effect for new applications. It is worth noting that a different form of an all-fiber PM without using the PZT cylinder was also investigated and resulted in improved efficiency but with reduced bandwidth [9] .
PZT and All-Fiber PZT Phase Modulator
PZT is a piezoelectric inorganic compound composed of lead, zirconium oxides, and titanium oxides and is the most widely used piezoelectric ceramic in various applications. Piezoelectric materials have properties that convert the mechanical deformation by external mechanical force to the electric potential. In reverse, when piezoelectric material is subject to an external electric field, it deforms according to the polarity of the external field and initial poling condition. The details of physical properties of piezoelectric ceramics can be found in [10] . For typical uses of the PZT PM, the applied electric field is small enough so that the change of the dimension can be assumed to be linearly proportional to the applied electric field. Figure 1 shows the configuration and the coordinate axes of the all-fiber PZT PM. The expansion of the PZT cylinder's diameter due to the applied electric field changes the length of optical fiber wrapped around the cylinder. Consequently it changes the phase of light propagating through optical fiber. The phase of light, ϕ, propagating through the coiled fiber can be expressed as
where L is the total length of coiled fiber, n is the effective refractive index of optical fiber, and λ is the wavelength of light. When an external electric field is applied to the PZT tube, the circumference of the PZT tube changes due to the piezoelectric effect that in turn modulates the length of coiled fiber wrapped around the PZT tube. In this case, the phase shift induced by the axial elongation of coiled fiber can be expressed as [2] Δϕ 2π
The first term is the effect of induced refractive index change through the photoelastic effect, and the second term represents the phase shift due to the change in the length of coiled fiber. The strain tensor for the fiber elongation can be expressed as
where S i i 1; 2; 3 is the strain tensor of coiled fiber and 1-3 represent the axes of coiled fiber as shown in Fig. 1(b) . σ is the Poisson ratio of optical fiber. The refractive index change due to the strain can be written as [10] [11] [12] 
where p ij is the photoelastic coefficient of optical fiber. Using Eqs. (3) and (4) and the photoelastic coefficient of silica (p 11 p 12 , p 12 p 21 p 13 p 23 ), the phase shift induced by the axial elongation of coiled fiber can be written as [12, 13] 
Using parameters for silica glass (p 11 0.12, p 12 0.27, and σ 0.16), the induced phase shift can be approximated as
The net phase shift is less than that of the axial elongation alone due to the strain induced decrease in refractive index. When the external electric field is applied between the inner and outer walls of the PZT tube, the change of wall thickness in a radially poled PZT tube causes the change of outer radius R 0 . The length change and the resulting phase shift Δϕ of fiber wrapped N turns around such a PZT tube can be expressed as [13] ΔL N2πΔR 2πNd 33 V;
where d 33 and V are the piezoelectric constant and applied voltage, respectively. When a sinusoidal AC signal V V 0 sinω m t is applied to the PZT tube, the induced phase modulation becomes
Δϕ ϕ m sinω m t; where ϕ m is the modulation amplitude and ω m is the PZT's driving frequency. If the PM is inserted in the Mach-Zehnder (MZ) interferometer as shown in Fig. 2(a) , output intensity It can be written as Eq. (11) by expanding in Bessel series [13] :
Here ϕ 0 is the static phase difference between two arms of the interferometer. I 0 is the intensity of input light. β is the fringe visibility of output intensity. Therefore the output intensity of the phase modulated MZ interferometer contains even and odd harmonics of the driving frequency in addition to a dc component. In the next section, we describe experimental observation of subharmonic frequency components under various conditions similarly to an earlier report [8] .
Experiment

A. All-Fiber Phase Modulator and Subharmonic Generation
The experimental setup for the phase modulated MZ interferometer was constructed using single-mode fibers, two directional couplers (DCs), a polarization controller (PC), and a PZT PM, as shown in Fig. 2(a) . A laser diode (LD) was used as the light source with 1550 nm wavelength and 1 MHz linewidth. The coupling ratio of DCs was 50%, and the outer diameter of the PZT tube was 38.2 mm. In the PM, 88 turns of fiber were wrapped around the PZT that was driven by a function generator. The optical output from the interferometer was measured by using an InGaAs PIN photodiode (PD), an oscilloscope, and a RF spectrum analyzer. The PC was adjusted to produce maximum fringe visibility. PZT was driven as a sinusoidal voltage from 0.5 to 7.0 V pp .
In order to determine the amplitude and the frequency responses of the PM to the applied RF signal, the phase modulation amplitude ϕ m was measured as the modulating frequency was tuned from 24.0 to 26.2 kHz near the first mechanical resonance at several voltages. The measurement was performed by counting the number of fringes in the output intensity. Figures 2(b) and 2(c) show the measured results for various frequencies around the resonance frequency of ∼25 kHz for several values of applied voltages. In Fig. 2(b) , it can be seen that the peak resonance frequency shifts slightly as the applied voltage increases. This is attributed to the temperature change of the PZT cylinder as the driving voltage increases at resonance. The amplitude response at a few frequencies in Fig. 2(c) shows the good linearity within the range of our experiment. The slopes of lines for the three frequencies near the resonance are 55 πrad∕V pp , 36 πrad∕V pp , and 23 πrad∕V pp in order of large slope. Figure 3 shows the output from the RF spectrum analyzer when the modulation frequency was fixed at 25.1 kHz for the cases of modulation voltages of 0.5 and 5.0 V pp . In this case, the phase modulation amplitudes ϕ m correspond to 28 and 273 πrad, respectively.
As shown in Fig. 3 (a) for the cases of low modulation amplitude, only harmonic frequency components of the applied signal appeared as predicted in Eq. (11) . However, for the case of large modulation amplitude shown in Fig. 3(b) , subharmonic frequency components of 25.1 kHz appeared that cannot be explained by Eq. (11). We also observed 1∕2 and 1∕4 subharmonics [8] and additionally 1∕3 subharmonic components at high driving voltages.
In order to find out whether the subharmonics are generated by the PZT cylinder itself or by the fiber in contact with the cylinder, we carried out an experiment to directly measure the movement of the PZT and the fiber. The resonant frequency used here corresponds to the first hoop mode where the dominant motion of the cylinder is in the radial direction. A Michelson interferometer was constructed using a 2 × 2 fiber DC with SMF pigtails as shown in Fig. 4 (a) to measure the radial movement of the PZT and also the fiber wrapped around it. In the interferometer, reflecting light from an external surface interferes with the internal reflection of 4% from the fiber end face. The distance between the fiber's end face and the external surface to be measured was adjusted to produce maximum interference signal. The detector output was monitored using an RF spectrum analyzer. All of the experiment was performed at the driving frequency of 25.1 kHz. When the PM was driven at 0.5 V pp , only harmonic signals were observed for both the PZT and the fiber. When the applied voltage was increased to 5 V pp , the PZT surface still produced only harmonic signals as shown in Fig. 4(b) . However, the reflection from the fiber surface produced subharmonic signals as shown in Fig. 4(c) . Based the observations, it is clear that the PZT movement does not contain subharmonic components at both low and high driving voltages. For low modulation amplitudes, the fiber on the PZT surface also follows the movement of the PZT producing only harmonic signals in the interferometer output. However, at high modulation amplitude, the fiber tension-coiled around the PZT cannot follow the movement of the PZT surface, resulting in irregular mechanical motion. Understanding this complex behavior requires proper modeling with numerical calculation, as will be discussed in the Section 4. There are other factors that add to the complexity of the mechanical motion of the fiber, including the presence of the soft polymer between the much stiffer glass fiber and PZT ceramic, the coiling tension of the fiber, and the friction between the PZT surface and the fiber. Effects of some of these factors will be discussed in later sections.
B. Effect of Tension and Mechanical Contacts
Although a simple model was used for the analysis, the mechanical structure of the PM is rather complicated with a soft polymer material sandwiched between two stiff ceramic materials. In particular, we observed the mechanical contact between the jacketed fiber and the PZT surface is an important factor for the nonlinear behavior of the modulator. In order to determine the effect of the mechanical contact, we carried out experiments for different values of initial fiber tension when wrapping the fiber. Figure 5 shows the schematic of the arrangement for coiling tension control. Small weights (0.67, 4.7, and 23 g) were attached to the fiber and 1∕2 or 1½ turns of fiber made contacts with the PZT. A lab jack was used to load and unload the weights so that the coiling tension can be switched between the weights and zero without losing contact between the fiber and the PZT. In order to examine the effects of initial fiber tension and the magnitude of the PZT movement, the PM with 3∕2 turns of fiber was driven at 25.1 kHz with 0.5 and 5.0 V pp signals with weights of 0.67, 4.7, and 23 g and negligible tension. For 0.5 V pp driving signal, no subharmonics were observed for all four tension levels. For 5.0 V pp driving voltage, again no subharmonic signals were observed when the weights were attached and the corresponding tensions were applied. However, when the lab jack was used to reduce the tension to almost zero while maintaining mechanical contact between the fiber and the PZT, subharmonics began to appear. Figure 6 shows the output spectrum when the load was tuned from 4.7 g [ Fig. 6(a) ] to a minimum value before losing mechanical contact [ Fig. 6(d) ]. As the fiber tension decreased, we could see the appearance of 1∕2 and 1∕4 subharmonics that finally evolved to completely chaotic behavior as seen in Fig. 6(d) . The chaotic signal and subharmonic signals disappeared when we reduced the modulation amplitude or increased the load. The same experimental procedures were carried out with a modulator with 1∕2 turn of fiber and obtained the same results. We also performed similar experiments with PZT cylinders of different diameters having different resonance frequencies and obtained similar results.
One thing to note is that if a short section of fiber is attached to the PZT surface using a nail polish or a sticky tape, no subharmonic signals were observed. We also tested the effects of liquid between the fiber and the PZT surface. The liquids used are oil, water, acetone, and ethanol. In all cases, the subharmonic signals immediately disappear following the application of the liquid. We postulate that the liquid medium provides enhanced mechanical contact between the fiber and the PZT so that they tend to stick together. Figure 7 shows the observed signals for the cases of (a) 4.7 g load, (b) almost zero load, and (c) after oil is applied.
Modeling
A. Equations of Motion
Based on the experimental findings, we conclude that the dynamics of the fiber sitting on the oscillating PZT cylinder can be approximated as the fiber bouncing on the moving cylinder surface under a restoring force created by the tension in the fiber. This situation is similar to that of a bouncing ball on a periodically oscillating table [14] , except that the restoring force in this case is gravity. The bouncing ball system is composed of a periodically oscillating table and a ball bouncing on it, as shown in Fig. 8(a) . To model the bouncing ball system, Eqs. (12)- (14) 
Here y and t k are the position and the timing of the ball at the kth impact, respectively. α is the restitution coefficient as the damping factor at the impact. Because of the inelastic collision, energy is lost after the collision and the speed of the ball is reduced, and therefore it is less than 1 (0 ≤ α < 1). u k is the velocity of the oscillating table. v 0 k is the velocity of the ball right after the kth impact, and v k is the velocity of the ball right before the kth impact. As shown in Eqs. (12) and (13), the table's motion is the simple harmonic motion and the ball's motion is the vertical projectile motion. The impact relation in Eq. (14) relates the relative velocities of the ball and the table right before and after the kth impact. Using these equations, we can trace the trajectory of the ball bouncing on the table through an iteration of recurrence relations. When the amplitude of the vibrating table is gradually increased, the period of the bouncing ball increases by a factor of 2 and eventually the motion of a ball can reach a chaotic trajectory [14] . One thing to note is that three times of the table's period did not appear in this reference. In this process, the amplitude and restitution coefficient affected the onset of the subharmonic responses.
For the fiber PM under investigation, the restoring force is provided by the elongated glass fiber that is equivalent to the case of an elastic spring. Therefore a proper modification to the bouncing ball model is to replace the gravitational force with a spring force as indicated in Fig. 8(b) . Here the spring is connected to the ball and the ball is assumed to bounce on the table as in the original model in Fig. 8(a) . The displacement x is measured with reference to the equilibrium position of the spring, and the oscillation of the table is centered at Δx spring > 0, which accounts for the initial fiber tension in the PM. Therefore, the represents the amplitude of the harmonic oscillation of the ball determined by the position and the velocity of the ball right after the collision. For this model, the parameters for the table can be determined from the movement of the PZT wall. Once f spring and Δx spring are determined, we could obtain the total trajectory of a ball through the iteration of recurrence relation as in the case of the original bouncing ball model.
In order to determine the natural oscillation frequency of the ball attached to the spring, f spring , the spring constant and the ball mass have to be determined. For the case of coiled fiber moving on the surface of a PZT, the restoring force in the radial direction comes from the elongation of the fiber. Therefore the natural oscillation frequency is determined by the longitudinal spring constant and the fiber mass. For simplicity of calculation without losing generality, we calculate the natural frequency for a single fiber loop as shown in Fig. 9(a) .
When a fiber with length L 0 is axially elongated by ΔL as shown in Fig. 9(b) , the axial tension T obeying the Hooke's law can be expressed as
Here k 0 is the longitudinal spring constant and T is the coiling tension used when winding the fiber around the PZT cylinder of radius R 0 . Y is the Young's modulus of fiber, which is 72 × 10 9 N∕m 2 for silica glass. a is the radius of fiber, which is 62.5 μm. From Eq. (18) and L 0 2πR 0 with R 0 19.1 mm, we can define the longitudinal spring constants as 
We can use energy conservation law to determine the natural oscillation frequency of the fiber loop harmonically oscillating in the radial hoop mode as shown in Fig. 9(a) as the following. The potential energy U and the kinetic energy K of the fiber loop during the oscillation at radial elongation of ΔR and radial velocity v are given by equations
Here M ρπa 2 2πR 0 is the mass of one fiber loop and ρ is the density of silica (2.2 g∕cm 3 ). From the energy conservation law, we can obtain the relationship
Therefore, the natural oscillation frequency of a radial hoop mode of the fiber loop is obtained as
When substituting the Young's modulus, density, and outer radius, the natural oscillation frequency of the spring composed of fiber loop is determined as 47.7 kHz. Note that the spring constant for the radial motion k has a relationship with the spring constant k 0 for the longitudinal displacement as k 4π 2 k 0 . One important modification to the f spring is to include the effect of the polymer fiber jacket. The outer diameter and the Young's modulus of the acrylate based polymer jacket used in the experiment were 250 μm and about 2 × 10 9 N∕m 2 , respectively. The Young's modulus of optical fiber coated with the polymer jacket becomes significantly smaller than that of silica and is about 13.8 × 10 9 N∕m 2 [15, 16] . In addition the effective density of the coated fiber reduces to about 1.4 g∕cm 3 due to the smaller density of the polymer jacket (∼1.16 g∕cm 3 ). Substituting the modified modulus and density to Eq. (23), the natural oscillation frequency becomes 26 kHz. Note that this result is with the assumption that the cross section of the fiber with the polymer jacket does not deform under the radial movement of the PZT wall.
B. Numerical Simulation
We simulated the ball's trajectory from Eqs. (15) Fig. 10(b) ]. No development of subharmonic signal was obtained in the simulation when the restitution coefficient, the initial fiber wrapping tension, and the amplitude of the oscillating table were varied. This result could not explain our experimental observation of subharmonics and chaotic signal generation.
We noted that a key parameter we used in the simulation that determines the fiber's oscillation behavior was f spring and that it could not be accurately defined. This was due to the presence of the soft polymer jacket, which will be squeezed and deformed under lateral pressure. Therefore we carried out simulation with different values of f spring and found that at lower values of f spring , we could obtain results that match with experimental results. Figure 11 shows the simulation results for f spring 7.7 kHz and a few values of initial fiber tension. Oscillation at subharmonic frequencies at 1∕2, 1∕3, and 1∕4 of the table's oscillation frequency of 25.1 kHz and also the chaotic behavior were obtained as can be seen in the figure. The difference between the cases of Figs. 10 and 11 comes from the fact that a strong spring with high f spring prevents the fiber from being detached from the surface of the PZT cylinder. A weaker spring with lower f spring would allow the fiber to move away from the PZT surface, and therefore nonlinear dynamics occurs.
In order to find the dependence on other parameters, we varied the values of α, A table , and Δx spring . The simulation results are shown in Fig. 12 . A table and Δx spring are determined by the experimental parameters of the applied voltage and coiling tension, respectively. For A table ,, the simulation rage from 1.0 × 10 −7 m to 5.0 × 10 −7 m approximately corresponds to the applied voltage from 1.2 to 6.5 V pp . Δx spring of 1.0 × 10 −7 m corresponds to approximately the coiling tension of 0.0066 N, which could be produced by a small washer nut with a mass of 0.67 g in experiment.
The color of each point in the map expresses the behavior of the ball's trajectory. The cross point (red) expresses the 1∕2 subharmonic motion. The circle (green), box (black), and diamond (blue) indicate the 1∕3 subharmonics, 1∕4 subharmonics, and chaotic motion, respectively. It is not easy to find the clear tendency of the ball's motion depending on any particular parameters.
Discussion
In both the experimental and theoretical modeling, we observed that subharmonic generation is easier when the fiber is loosely wound on the PZT cylinder and also the natural oscillation frequency of the fiber loop is lower, which corresponds to weaker restoring force for the fiber loop when stretched. This makes physical sense because fiber will have freer movement on the oscillating PZT surface. However, we also found discrepancy between the value of the natural oscillation frequency of the fiber loop needed to produce subharmonic signals in the theoretical model (< ∼ 10 kHz) and that calculated from the physical parameter of the fiber loop itself (26 kHz). There are two assumptions we used to calculate the natural oscillation frequency of the fiber loop that might be the origin of the discrepancy. The first one is that the silica glass fiber with polymer jacket does not deform under the lateral pressure exerted by the PZT wall. This assumption seems to be an oversimplification considering the softness of the polymer. The second one is the assumption that the fiber loop is a closed circle, which is not exactly the case. In practical configuration of the all-fiber PM, the ends of the fiber loop are not connected to each other and the fiber may be attached to the PZT surface at some points. The effects of these two points should be analyzed further in detail in order to properly address the difference between the values of the natural oscillation frequency of the fiber loop in Eq. (23) and in Fig. 11 . 
Conclusion
We report detailed experimental and numerical analysis of subharmonic and chaotic signal generation from widely used all-fiber PM composed of a PZT cylinder with fiber wrapped around it. The critical parameters are the mechanical contact between the fiber and the PZT provided by the initial coiling tension, the restoring force of the fiber loop when stretched, and the oscillation amplitude of the PZT surface. We discovered that the presence of liquid or a bonding medium between the fiber and the PZT surface eliminates the nonlinear effect within the range of our experimental parameters. This finding suggests efficient means to suppress the effect. A modified bouncing ball model is proposed for theoretical analysis, and the results of numerical simulation are presented. 
